The magnetic formalism; new results 
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Abstract. We review recent results on the magnetic pseudodifferential calcu- 
lus both in symbolic and in C*-algebraic form. We also indicate some applica- 
tions to spectral analysis of pseudodifferential operators with variable magnetic 
fields. 



1. Introduction 

It is commonly accepted that the Weyl form of the pseudodifferential calculus 
defines a convenient quantization of a physical system composed of a non-relativistic 
particle without spin moving in R", when no magnetic field is present. Beyond 
foundational matters, the formalism is also very useful for various results and com- 
putations. 

The problem of defining quantum observables in the presence of a non- homogeneous 
magnetic field is a non-trivial one. A naive use of the Weyl calculus fails, missing 
gauge covariance. It also ignores the fact that a magnetic field changes the ge- 
ometry of the phase space in a way that really requires a new pseudodifferential 
calculus. 

A correct solution was offered quite recently (with various degrees of generality 
and rigor) in works as [Mut \K01\ \K02\ \MF1\ IMPRH \MP2\ IIMPI] . The first 
stage of the theory has been reviewed in [MP3| . We give here a brief presentation 
of the subsequent development of the subject. 

We work in the n-dimensional space X := M" and in the associated phase space 
S X X X* = R^", endowed with the canonical symplectic form 

a{X, Y) = i), (y, i])) := y £_ - x ■ 7]. 

The magnetic field is described by a closed 2-form B on X, to which we associate 
a perturbation of the canonical symplectic form on S: 

'^f^X) '^)) ■= ^)) + B{z){x, y), {x, 0, (y, v), (z, e S. 

1991 Mathematics Subject Classification. Primary 35S05, 47L15; Secondary 47L65, 47L90. 

Key words and phrases. Magnetic field, pseudodifferential operator, asymptotic development, 
commutator criterion, functional calculus, C*-algebra, ^*-algebra, dynamical system, crossed 
product, affiliated observable, essential spectrum, limiting absorption principle. 

Viorel Iftimie is partially supported from Contract No. 2 CEx06-ll-18/2006. 

Marius Mantoiu was supported by the Fondecyt Grant No. 1085162 and by the Niicleo Cien- 
tifico ICM P07-027-F "Mathematical Theory of Quantum and Classical Systems". 

Radu Purice is partially supported from Contract No. 2 CEx06-ll-18/2006 and by Laboratoire 
Europeen Associe CNRS Math-Mode. 



2 



VIOREL IFTIMIE, MARIUS MANTOIU, AND RADU PURICE 



The importance of this symplectic form in the classical theory of systems in mag- 
netic fields is outlined in [MR|, IDRj . It also defines a Poisson structure on the 
smooth classical observables which serves as a semiclassical limit for the subse- 
quent quantum formalism, as shown in [MP2] . 

To B we may associate in a highly non-unique way vector potentials, i.e. 1- 
forms A such that B = dA. Under gauge transformations A i-^ A' = A + dip (so 
that B — dA — dA') the quantization should behave covariantly. 

Suppose chosen a gauge A for the magnetic field B. We have to define a 
functional calculus for the family of non-commuting operators 

gi, . . . , Qn;U^ ^Di- iAi, ...,n^ = Dn-iAn 

representing the canonical variables {Qj is the operator of multiplication by xj 
and Dj ~ —idj). We shall use the unitary operators associated to the above 2n 
self-adjoint operators and define the magnetic Weyl system 

For functions / : S ^ C wc define the associated magnetic Weyl operator 



given by the following formula (admitting various interpretations, depending on the 
properties of / and u : X —^ C): 

(1.1) [Op^{f)u\ (x) J^J^Jyd^e^^^-yy^e-^f^'^f u{y). 

The operators associated to any two gauge-equivalent vector potentials are unitarily 
equivalent: 

A' = A + d^ => Dp'^'(/) = e*'^(«)Dp^(/)e-*'^('3). 

This is due to our correct choice of the phase factor exp(— ? A), containing the 
circulation of the vector potential. 

In Chapter 2, following mainly [IMP1| . we review properties of the quanti- 
zation / h-^ Dp^{f), especially for / belonging to some of the Hormander classes 
of symbols S'™^(S). We present boundedness results and describe the magnetic 
Sobolev spaces. An important role is played by a well-behaved composition law jj^ 
defined on symbols, only depending on the magnetic field. 

Chapter 3 is devoted to the extension to our magnetic pseudodifferential cal- 
culus of the commutator criteria of Beals and Bony. As explained in |IMP2j . 
they have important consequences on the behavior of various classes of magnetic 
pseudodifferential operators under inversion and functional calculus. 

In Chapter 4 we present (cf. [MPRl] and [LMR ) the operator algebra ver- 
sion of the magnetic formalism. We recast the basic information in a twisted 
C*-dynamical system, to which one canonically assigns twisted crossed product 
algebras. An important property of these is to contain the resolvent families of un- 
bounded magnetic pseudodifferential operators with anisotropic coefficients. This 
is called affiliation and has implications in spectral analysis. 

The anisotropy is encoded in an abelian C*-algebra whose Gelfand spectrum is 
a compact dynamical system. The quasi-orbit structure of this dynamical systems 
will be shown in 5.2 (cf. [MPR2| and [LMRj ) to contain relevant information on 
the essential spectrum of affiliated operators. 
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Another application is a limiting absorbtion principle and the corresponding 
spectral information for rather general classes of operators with decaying magnetic 
fields. This involves Mourre's commutator method and is presented in 5.1 following 
[IMPlj . 

2. The magnetic pseudodifferential calculus 

2.1. The composition law. The functional calculus / i— > Dp^{f) induces a 
magnetic composition on the space of test functions by requiring 

Explicitly wc have 

iffgKX) n-^^ JjY JjZe-'^^xi^.-^ f{X-Y)g{X - Z), 

involving the flux of the 2-form cr^ through Tx{Y,Z), the triangle in S having 
vertices 

X -Y - Z, X + Y - Z, X -Y + Z. 

Setting 

OT^(S) := {/ G \ff<t>e 5(S), <t> ff e 5(S), v</. e S{E)} , 

we get a *-algebra for the composition law [t^ (extend by duality techniques) and 
the usual complex conjugation as involution. 971^ (S) is very large; among others, 
it was shown in [MPlj that the space of indefinitely differentiable functions with 
uniform polynomial growth is contained in 971^ (S). 

Let us denote by M(TZ) the family of all continuous, linear operators in the 
topological vector space TZ. The main property of 97l'^(S) is the fact that 

Dp^ : aJl^(S) ^ M[S{X)], Dp^ : 97l^(S) ^ M[S'{X)] 

are one-to-one ^-representations. 

By gauge covariance, the *-algebra 

2l^(S) := {/ e S'{E) I Op^if) £ B[L\X)]} 

does not depend on the choice of A, but only on the magnetic field B. On 21 ■^(S) 
we define the map 

||Op^(/)||b[l^(;,)], 

that is in fact a C*-norm on 21^ (S) only depending on B. Thus 21^ (S) is a C*- 
algebra isomorphic to B[L-^(<Y)]. 

2.2. Magnetic composition of symbols. For togM, 0<(5<p<l and 
/ e C°°(S), we introduce the family of seminorms 

Iflt'-^f ■■= sup < e >-™+H"l-%l \{d^^d^f){x,0\ , 

and define the Hormander symbol classes (they are Frechet spaces) 

^p" (S) {/ e C^iE) I V(a,a), \f\^^^^^'^ < oo} . 

We are going to work systematically under the assumption that the magnetic field 
B has components of class BC°°{X), i.e. they are smooth and all the derivatives 
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are bounded. By usual oscillatory integrals techniques we prove that for to £ M 
and < 5 < p < 1 we have S^'^giE) C m^{E). 

Theorem 2.1. [IMP 11 IIMP2] 

For any mi and TO2 in R and for any 0<S<p<lwe have 

Choosing any vector potential A for B, we define the associated class of mag- 
netic pseudodifferential operators on H := L^{X): 

Then we have 

*;:K^)-*;:i(^)c*;:r"^(^). 

If (5 = we also have an asymptotic development of the composed symbol. For any 
multi-index a S N™, we use the notation al — ail . . .am!. For shortness we also 
set a := (a, a) and b (5, (3) with a, b G N^". 

We define ujB{x,y,z) := exp[—iTB{x,y,z)], where TB{x,y,z) is the flux of B 
through the triangle with corners 

X — y — z, X + y — z, x — y + z. 
Theorem 2.2. jLMR] 

Assume that the each component Bjk belongs to BC°°{X) and let toi,TO2 G M 
and p e (0, 1]. Then for any f £ S'™o'(2), 9 e S'"o'(2) and iV G N* one has 

N-l 

ffg^ J2 ^i + Rn, 

1=0 

with 

a<P,b<a 
\a\ + \P\=l 

and 

KA^,0 = Ca,[{d^-^dr''LOB){x,o,o)] [{d:d^f){x,0] [idld^9)ix,0], 

the constants being given by 

^2/ a\b\{a - b)\{(3 - ay: 
The remainder term _Rjv belongs to 

We list the first three terms in the development: 

ho = fg, 

n 

hi = 7:{f,g} = T^^idxjd^^g -d^Jda:^g), 



2 

j=i 
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^ ^ j,k ^ ^ j,k 

where ejk = "2 if j ^ k and Sjj — 1. 

In [IMPlj one also covers the case < S < p, but with a less explicit inductive 
constructions of the terms. Developments of the magnetic product with respect to 
parameters can be found in Xe. . 

2.3. L^-continuity. The following result can be regarded as an extension of 
the Calderon-Vaillancourt Theorem to the twisted Weyl calculus. 

Theorem 2.3. [IMPlj 

Assume that the magnetic field B has components of class BC°°{X). In any 
Schrddinger representation of the form Op^, the operator corresponding to f ^ 
Sp p{E), with < p < 1, defines a bounded operator in Ti — L^{X). There exist 
two constants c{n) £ and p{n) G N, depending only on the dimension n of the 
space X, such that 

PP^(/)I|b(w) <c(n)max{||9,"9^"/|U I |a| <p{n), \a\<p{n)}. 

Using previous notations, we can rephrase saying that S'pp(S) C 21^ (S). 

2.4. Magnetic Sobolev spaces. Again under the hypothesis that the mag- 
netic field B has components of class BC°°{X), we shall define the scale of Sobolev 
spaces starting from a special set of symbols; for any m > we define 

so that Pm G *S'"o(2) C VJl^CE.). For any potential vector A we set 

Let A be a vector potential for B. For any to > we define the linear space 

H'^iX) := {u e L\X) I pf^u e L^X)} 

and call it the magnetic Sobolev space of order to associated to A. 
The space TL™{X) is a Hilbert space for the scalar product 

<U,V >(,„,A): = < PmW> Pm^' > + <U,V > . 

Definition 2.4. Suppose chosen a vector potential A. For any to > we 
define the space T-C^{X) as the dual space of H^{X) with the dual norm 

\m\{-rn.A) ■■= sup ——- , 

ueH'X{X)\{Q} \\u\\{m.A) 

that induces a scalar product. We also set H\(X) := L^{X). 

Various properties of the scale of spaces {Ti.™{X) | to G K} are studied in 
[IMPlj . Among others, they serve as domains for elliptic self-adjoint magnetic 
pseudodifferential operators. 

For m > a symbol / G S'™^(S) is said to be elliptic if there exist two positive 
constants R and C such that for |^| > i? one has 

\f{x,0\>C <^>^ . 
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Theorem 2.5. [IMPl] 

Let B belong to BC'^{X), m > 0, with either Q < 5 < p < I or 5 = p ^ 
Let f G real and elliptic i/m > 0. Then for any vector potential A defining 

B, the operator 

Dp^if) : n^{X) ^ L\X) 

is self-adjoint in L^{X). 

If / > then Op^lf) is lower semibounded, by an extension of the Garding 
inequahty to the magnetic case. 

3. Commutator criteria and applications 

3.1. The Beals type criterion. Let us very briefly recall [BellHe] the Beals' 
criterion in the usual pseudodifferential calculus, that may be obtained from our 
Theorem 3.1 by taking B — and A — 0. We introduce the following notations: 

aXjQT :^ QjT - TQ^, ado^T := DjT - TDj, VT e M[L^{X)] 

as sesquilinear forms on the domain of Qj, rcsp. Dj. Then T has the form T = 
Dp(/), with / £ 5o^q(S), if and only if for any family {ai, . . . , a„, ai, . . . , an} G N^" 
the sesquilinear form aOg^ . . . ottg^oO^'^ . . . ad'^^[T] defined on an obyious dense 
domain is continuous with respect to the L^(^¥)-norm. 

Giyen a magnetic field B, our purpose is to formulate a similar criterion for a 
bounded operator T to be in ^° q{A). It is rather natural to consider the following 
strategy: 

• Replace the operators {£'j}i<j<n with the magnetic momenta {n^}i<j<„. 

• Formulate the criterion in a gauge inyariant way by using the symbolic 
calculus deyeloped aboye. 

Theorem 3.1. iIMP2| 

Assume that the magnetic field B has components of class BC'°°{X). With re- 
spect to a vector potential A defining B, an operator T £ M[L'^(X)] has the form T — 
Op^if), with f e S^„{E), if and only if for any family {oi, . . . , a„, ai, . . . , q;„} G 
N^" the sesquilinear form ciOg^ . . . ofg"^ '^^n^^ ■ ■ ■ '^^u^ [^] ^•s continuous with respect 
to the L^{X)-norm. 

In fact the aboye theorem is the " represented yersion" of a result concerning the 
intrinsic algebra 21^ (S), that we shall now present. In order to define the 'linear 
monomials' on S we use the canonical symplectic form ct on S and consider for 
any X € E the function: Ix : S 9 F i— > a{X, Y) £ M. Then we can introduce 
the algebraic Weyl system: ex exp{— i[x}, indexed by X £ S. We define 
the following twisted action of the phase space S by automorphisms (magnetic 
translations) of 2t^(S): 

S 3 X ^ Xf e Aut[2t^(S)], If [/] -.^ t-xffftx. 

Some computations give -idt'Zfx[f\\t=^ = [/], where aOf [/] := ixff-ff^x 
is the magnetic deriyative of / in the direction X. 
The space of -regular vectors at the origin is 

QJ^'- := {/ e 21^ (S) I aOf ^ . . . aof „ [/] £ 21^ (S)} , 
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where N G N and {Xi, . . . , Xn} C ^ are arbitrary. The family of seminorms 

indexed by all the famihes {Xi, . . . , Xn} C E, N e N define on 5J^'°° a Frechet 
space structure. 

We also recall the usual action of S through translations on the C*-algebra 
i?Cu(S) (endowed with the usual norm ||.||oo): 

E3X^1xe Aut[SCu(S)], (IximY) := f{Y + X). 

The space of associated T-regular vectors is BC°° (S) with the family of seminorms 

|/|(jv) :=, ms.x \\d^,d^f\U 

\a\ + \a\<N ^ 

indexed by e N, that also induce a Frechet space structure on BC°°{E). 
Theorem 3.2. jIMP2] 

If the magnetic field B has components of class BC°°{X), then the two Frechet 
spaces QJ^'°° and BC""^^) coincide (as subspaces of S'^E.)). 

Theorem 13. II is a straightforward consequence of the above result (just remark 
that5o%(S) = i?C-(S)). 

We pass now to the case m 0. For (m, a) G R+ x M_|_ let Pm.a{X) := 
a+Pm{X) = a+ < >'"■ One shows that, for a large enough, pm,a is invertible with 
respect to the magnetic Weyl composition law t|-^. We denote by Pm,a^^ G 21^ (S) 
this inverse and set 

So := 1, 
Sm Pm.a for m > 0, 

■S™ — P|m|^ for < 0- 

Theorem 3.3. iIMP2| 

A distribution f G S' (S) is a symbol of type S^q (S) ( with < p < 1) if and 
only if for any p,q € N and for any ui, . . . ,Up G X and any /ii, . . . , /ig £ X* , the 
following is true: 

(3.1) ,s_,„+,, f [a^l ..... aOf^ac)^^ .... • al,^ [/]) e a^(S). 

3.2. The Bony type criterion. For certain purposes it is preferable to refor- 
mulate our main theorem by replacing the commutators with the linear functions 
Ix by more general symbols. In the absence of a magnetic field, but for very general 
symbol classes defined by metrics and weights, this has been done in [Boll IBC) . 

Definition 3.4. Let p e [0, 1]; we define 
S;{E) e C°°{E) I \{d^d^ip) {X)\ <Caa.<i >P(i-l"l), for \a\ + \a\ > l} . 

For any (p G S^{E) C 9Jl^(S) we introduce the magnetic derivation 

(3.2) av!^[f]:=^ff~ffip, V/ G 071^(2). 
Theorem 3.5. jIMP2| 

/ G S'{E) belongs to S^{E) if and only if for any {ipi, . . . , Lp^} C S'^{E) one 

has 

(3.3) ,s_,„fa<...a5^„[/]G2l^(S). 
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A characterization of certain classes of Fourier Integral Operators involving 
commutators twisted by a diffeomorphism can be found in [Bolj lBo3) . The mag- 
netic case (but for restricted metrics and weights) is considered in |IMP2j . Using 
this, one can prove that the evolution group of a (rather restricted) class of magnetic 
pseudodifferential operator belongs to a natural class of magnetic FIO associated 
to the classical flow of the symbol. 

3.3. Inversion. By using the magnetic Bony criterion and the behavior of 
inversion under products of derivations of the form ai)^, it is not difficult to prove 

Proposition 3.6. |IMP2j 

If / e S'°o(^) is invertible in the C*-algebra 2l^(S), then the inverse /'"^^^ 
also belongs to 5° o(^)- 

We recall (cf. [?] and references therein) that a algebra is a Frechet *- 
algebra continuously embedded in a C*-algebra, which is spectrally invariant (i.e. 
stable under inversion). Our Proposition 13.61 savs that 5^ 0(5) is a ^*-algebra in 
the C*-algebra2l^(S). 

By same simple abstract nonsense one extends the result to unbounded symbols: 

Proposition 3.7. Let m > and p e [0,1]. If g G 5'™(S) is invertible in 
3Jl^(S), with s™p5(-i)« e 2l^(S), then e S'-™(S). 

We can apply Proposition 13.71 to elliptic symbols of strictly positive order by 
using Theorem 12.51 The spectrum a[f] of the operator Dp^ does not depend 
on the choice of A (by gauge covariance). Thus, for any z ^ cr[/], the operator 
Dp^(/) — zl = Dp^{f — z) is invertible with bounded inverse. This means that 
the inverse (/ — zl)(~^^^ exists in 9Jl-^(S) and belongs to 2l^(S). It is easy to show 
that Pm^^Cf - z)("i)^ G 2l^(S). This allows us to conclude: 

Proposition 3.8. [IMP2J 

Given a real elliptic symbol / G S'™q(S), for any z ^ a[f] the inverse (/ — z)'"^'^ 
exists and it is a symbol of class S'~™(S). 

3.4. Functional calculus. Propositions l3.6l and l3.8l implv results concerning 
the functional calculus of elliptic magnetic self-adjoint operators. The formula 

$ (Op^[/]) =: Dp^ [<i>^(/)] 

gives an intrinsic meaning to the functional calculus for Borel functions $. 

First, 5'*-algebras are stable under the holomorphic functional calculus, so we 
can state as a consequence of Proposition 13.61 

Proposition 3.9. |IMP2j 

If / G S'po('^) $ is a function holomorphic on some neighborhood of the 
spectrum of /, then $^(/) G S%{E). 

If $ G Cg^(M), then $^(/) can be written using the Helffer-Sjostrand formula 
(3.4) ^^if) = - f dzck^z)if - z)(-i)-, 

$ being a quasi- analytic extension of $ (cf. [HSj l. This allows applying Proposition 
13.81 and one gets rather straightforwardly: 



THE MAGNETIC FORMALISM; NEW RESULTS 



9 



Theorem 3.10. |IMP2j 

//$ e C^{R)J€ 5™o(S), elUpUc tfm>0, then $^(/) e S-^{E). 

Choosing a vector potential A for the magnetic field B, one proves the following 
result about the fractional powers of the operator Op^{f): 

Theorem 3.11. |IMP2) 

Given a lower bounded f G S'™q(S) with m > 0, elliptic ifm>0, let Dp^[f] be 
the associated self-adjoint, semi-bounded operator on TC given by Theorem \2.5l Let 
to G R+ such that for fo :— f + tol the operator Dp^[fo] is strictly positive. Then 
for any s G R the power s of Dp^[fo] is a magnetic pseudodifferential operator with 
symbol /W« G 5^™(S), ^.e. (Dp^[/o])' = Op^[flf^^]. 

4. C*-algebras of magnetic symbols and operators 

4.1. Twisted crossed products. Starting from a magnetic twisted C*-dynamical 
system, we shall now reconstruct C*-algebras of magnetic symbols MPR1| . These 
are particular instances of twisted C*-algebras introduced in FRl, and [PR2] . 

We call admissible algebra a unital C*-subalgebra A of BC^i(X) which is in- 
variant under translations. Consequently, denoting by the Gelfand spectrum 
of A, the map 9 : X x X — > X, 9{x,y) := x -\- y extends to a continuous map 
9 : S_4^ X X ^ S^. We also use the notations 9{K,y) = 9y(K) — 9'^{y) for 
(k, y) Sy{ X X and get a topological dynamical system (S^, 9, X) with compact 
space Sj(. By duality, we also call 9 the action of X in A. 

Now assume that the components Bjk of the magnetic field belong to A. We 
define for each x,y, z G X 

r^(< a, b, c >) denoting the fiux of B through the triangle < a,b,c >. For fixed x 
and y, the function u!-^{-; x, y) = uj^{x, y) belongs to the unitary group h({A) of A. 
Moreover, the mapping X x X 3 (x, j/) ^ (^^{x, y) G U{A) is a continuous normal- 
ized 2-cocycle on X, i.e. for all x,y, z £ X the following hold (as a consequence of 
Stokes' Theorem): 

(4.1) u;^(x-f y,z)L^^(x,2/) = 0,[t^^(y,z)]a;^(a:,y-^z), 

LJ^{X,0) ^uj^{0, x) = 1. 
Let L^{X; A) be the set of Bochner integrable functions on X with values in A, 
with the L^-norm ||i^||i := J-^dx ||i^(a;)|U. For any F, G G L^{X;A) and x e X, 
we define the product 

{Fo^Oix) / dy9y_.[F{y)] 9y[G{x-y)] 9^^[u;^{y, x ~ y)] 

and the involution 

F^^ix) :=FP^. 

Definition 4.1. The enveloping C*-algebra oiL^{X\A) is called the twisted 
crossed product and is denoted hy Axg X, or simply by 

Theorem 4.2. [MPRl] The partial Fourier transform J- ^1 defines by exten- 
sion a G* -isomorphism ^ : '^a ' where is a C* -subalgebra o/2l^(S). 
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There is a one-to-one correspondence between covariant representations of a 
twisted C*-dynamical system and non-degenerate representations of the twisted 
crossed product. We denote by U{H) the group of unitary operators in the Hilbert 
space H. 

Definition 4.3. Given a magnetic C*-dynamical system {A, 6, uj^, X), we caU 
covariant representation {TC,r,T) a Hilbert space Ti. together with two maps r : 
A B{n) and T : X ^ U(n) satisfying: 

• r is a non-degenerate representation, 

• T is strongly continuous and 

T{x)T{y) = r[Lu^{x,y)]T{x + y), Vx,y e X, 

• T{x)r{a)T{x)* = r[e^{a)], Vx G A", a G A 

Lemma 4.4. If {Ti.,r,T) is a covariant representation of {A,0,u}^, X), then 
*Hep^ defined on L^{X]A) by 



fnep^(F) := / dxr[e^{F{x))]T{x) 

J X 



IX 

extends to a representation of ~ A^ig X. 

By composing with the partial Fourier transformation, one gets the most gen- 
eral representations of the pseudodifferential C*-algebra QS^^, denoted by 

(4.2) Dp^S4^^S(H), Dp^(/) :=$nepnr^(/)]. 

To get the representation Dp"^ (with dA — B) by this procedure one stars with the 
covariant representation i^(A', r, T"*), where 

[r{if>)u]{x) -.^ ip{x)u{x), Vx e A", '^ueL^{X), ^Jip E A 

and the magnetic translations T^{y) are given by 

fX+y 

u{x + y), yx,yeX, \/ueL^{X). 



[T^{y)u\{x) :=exp 



A 



4.2. Symbol classes v^rith coefficients in a C*-algebras. We now intro- 
duce the anisotropic version of the Hormander classes of symbols and show their 
relationship with twisted crossed products. For any / : S — > C and (a;,^) S 5, we 
will often write /(^) for f {■,£,) and [f{0]{x) for f{x,£,). Thus, / will be seen as a 
function on X* taking values in some space of functions defined on X. As before, 
A will be an admissible algebra. The next definition is adapted from jBa2j . see 
also [TOl ICMSl [C3l IShj . 

Definition 4.5. The space of A-anisotropic symbols of order m and type {p, S) 

is 

(4.3) 5™5(A*;^~) = {/ e 5,":,(S) I (d^^d^fm e A Ve G X* and a,a G N"}. 
In particular, for A = SC„(A'), it is easy to see that S^s{X*; BCuiX)°") = 

One shows the following properties, cf. [LMR] : 

• S^^g{X*,A°^) is a closed subspace of the Frechet space S™g(E). 

• For any a, a G N", d^d^ S'^^'giX* , A°°) C sj-^^"^"^^^^"^ {X* , A°°). 



THE MAGNETIC FORMALISM; NEW RESULTS 



11 



• For any mi, m2 G M, 

and 

(4.4) tt^ c 

Proposition 4.6. The C*-algebra is generated by anyone of the following 
subsets: 

• S'/;q{X*,A°°), for some m < 0, p £ [0, 1], cf. |LMRj . 

• yfil) I e A e or by {^jfifi | V G A ^ e cf. 
|MPR1) . 

4.3. Inversion and affiliation. As explained above, 5*1] q(S) is a \l/*-algebra 
in 21^ (S). Then, since 5° o(<^*, ^°°) is a closed *-subalgebra of S*" o(S), by a result 
in [La], it follows that 5° qI-^*' -^°°) ^1^° ^ **-algebra in 21-^(2). In particular, 
if / G S^pq{X* ,A°°) has an inverse in with respect to jj^, then this inverse 

belongs to 5° q(A'*, ^°°). As by-products of the theory of ^'*-algebras, one can 
state 

Proposition 4.7. S°j^{X*,A'^) is a vI/*-algebra, it is stable under the holo- 
morphic functional calculus, the group of invertible elements is open and the map 
[S%[X\A°°)]^-^^^ 3 G S%{X*,A°°) is continuous. 

Once again by a simple use of the symbolic calculus, one gets the extension to 
unbounded symbols: 

Theorem 4.8. [LMR] 

Let m > 0, p G [0,1] and f be a real-valued elliptic element of S^q{X* ,A°°). 
Then for any z G C \ K, the function f — z is invertible with respect to jj^ and its 
inverse (/ - belongs to Sp'oiX^A"^). 

The main application of this Theorem is to connect unbounded symbols (and 
operators) to the twisted crossed product algebras. For this we borrow a concept 
from |ABG) . 

Definition 4.9. An observable affiliated to a C* -algebra £ is a morphism $ : 
Co(M) ^ £. 

For example, if W is a Hilbert space and C is a C*-subalgebra of B{TL), then 
a self-adjoint operator H in 7i defines an observable affiliated to £ if and only 
if ^h{ii) ■— v{H) belongs to £ for all rj G Co(M). A sufficient condition is that 
{H — z)~-^ G £ for some z G C with \m z ^ 0. Thus an observable affiliated 
to a C*-algebra is the abstract version of the functional calculus of a self-adjoint 
operator. 

The next Theorem is a rather simple corollary of our previous results and will be 
used subsequently in the spectral analysis of magnetic pseudodifferential operators. 

Theorem 4.10. |LMRI 

For TO > and p G [0,1], any real-valued elliptic element f G S'™g(A'*, yl°°) 
defines an observable affiliated to the C* -algebra ■ 
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5. Applications to spectral analysis 

5.1. The limiting absorption principle. This subsection follows Section 7 
in [IMPl] and is devoted to the spectral analysis and a limiting absorption principle 
of operators of the form Dp^{f) for an elliptic symbols / G 5"q(S). 

Hypothesis 5.1. There exists e > such that for any a G N" there exists 
Ca > with 

for any x € X and j,k E {1, . . . ,n}. 

We shall denote by g the metric := |da;|^+ < ^ \d£_\'^ and by Mjn,s the 
weight function Mmj{X) :=< x ^ for X = (a;, ^) G S. 

We recall that / G S'"o(S) is a real elliptic symbol and m > 0, then the operator 
H := Dp^if) is self-adjoint in L^iX). 

Hypothesis 5.2. • / e SY^aC^) is real valued and elliptic and can be 

written in the form f ^ fo + fs + Jl- 

• /o G SY^q{E) a real elliptic symbol depending only on the variable ^ & X* , 
and it is positive for |^| large. 

• The symbol fs of the short-range perturbation belongs to S'(M„ i+g, g). 

• The symbol of the long-range perturbation belongs to S'(Mm_i £,g). 

For t and s in M, let us denote by the usual weighted Sobolev space: 
ni = {u£ S'{X) \ <D>''<Q>* ue L^{X)}. 
We also define C± {z G C | ± lm(z) > 0}. 
Theorem 5.3. [IMPl] 

Assume that the magnetic field B satisfies Hypothesis \5.1[ Let f G 5'™q(S), 
with m > 0, satisfying Hypothesis \5.2\ Let H, Ho, respectively, the self-adjoint 
operators defined by Op^{f) and Dp'^(/o) in TC L^{X). They have the following 
properties: 

a) a,ss{H) = aoss(i?o) = M^- 

b) The singular continuous spectrum of H (if it exists) is contained in the 
set of critical values of f , defined as Cr(/o) :~ {/o(0 I /o(0 — 0}- 

c) The eigenvalues of H outside Cr(po) have finite multiplicity and can ac- 
cumulate only in Cr(/o). 

d) (Limiting Absorption Principle) For any j > ^, the holomorphic function 

C± 3 z 1-^ (H — z)^^ G B{Ti.'y"^^^ , Ti™;^^) has a continuous extension to 
C^\[Cr(/o)Uap(i/)]. 

The main tool to prove this result is Mourre theory in the form presented in 
|ABG| . combined with the magnetic pseudodifferential calculus developed above. 
The limiting absorption theorem can be improved by using real interpolation spaces, 
as in |ABG| . Weaker and less general results on the spectral analysis of operators 
of the form Op^{f) were obtained in [Pa^ IUm| . Even the simple Schrodinger case 
(/o(C) = ICPj fs — = /l) shows that e < is forbidden in Hypothesis 15. II 
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5.2. Essential spectrum of anisotropic operators. We consider now self- 
adjoint operators £)p'^{f) in L^{X), defined by a real and elliptic symbol / G 
S^f^{X*,A°^) and by a magnetic field B — dA with components in . The 
structure of the essential spectrum of such an operator can be read in Q^, the set 
of all quasi-orbits (orbit closures) of the topological dynamical system (5a, 6*, X). 

To explain this, we follow the strategy of [Ml, I MPR2L ILMRj (see also refer- 
ences therein) . We are going to assume that A contains Co {X) , so S_a is a compact 
space and X can be identified with a dense open subset of Sj\,. The complement 
F/[ oi X in Sa is closed and invariant; it is the space of a compact topological 
dynamical system. 

Any if A extends to a continuous function (p : Sj[ C. Then, for any quasi- 
orbit Q, (p restricts to an element lp\q of C(Q). To reinterprete (p\q as a function 
on X, we choose an element k € Q such that {6*3; [k] = 9'^[x\ | x S X} is dense in Q. 
We define </?g : A" ^ C by LpQ := <^|q o 0", i.e. 

iPq{x) := {Ox[k]) , yx <E X 

and check easily that it is a bounded, uniformly continuous function. 
To sum up, we have defined a *-morphism 

ABip^ipQQ BC\,{X), 

whose range is a C*-subalgebra Aq of BCu(X). 

Since the components Bjk of the magnetic field belong to A°° C A, one gets 
for any Q g a smooth magnetic field Bq having all the derivatives in Aq. 

The same is true for f {■,£,) for any fixed ^ € X*, and it comes out that the 
function 

/c(2^,C):=[/(-,0q](2^), V(a:,0e5 
is an elliptic element of S'^q{X* ; Aq) (obvious definition). 

Now one only needs to choose a family Q of quasi-orbits covering F_a := Sj, \ X 
and for each Q G Q a vector potential Aq such that dAQ — Bq. Using all these, 
one can state 

Theorem 5.4. |LMR] 

Let m > 0, p £ [0, 1] and let Q C define a covering of with quasi-orbits. 
Then, for any magnetic field B = dA of class A°° and for any real-valued elliptic 
element f of S^q{X* , A°°) , one has 

(5.1) a^4^p^if)] - U '^[^P^HIq)]- 

SeQ 

The choice of vector potentials serve only to express the result in a conventional 
way. The proof is completely intrinsic, consisting only in direct manipulations of 
the symbols / (affiliated to the C*-algebra 05;^) and /g (affiliated to the C*-algebra 
S^^). Even the statement could only involve (/, B) and (/g, -Bg)geQi the cost 
of introducing some abstract notions involving spectra of observables affiliated to 
C*-algebras. We refer to [LMRj for further explanations and a full proof. 

Remark 5.5. Combining our approach with techniques from [ABGl IGIll 
IGI3| . one could extend the result above to more singular symbols /. Examples of 
algebras A for which the quasi-orbit structure of the Gelfand spectrum is explicit 
can be found in |ABGL lAMPL iGIll [GI2l [GI3l [Mj IMPR2L IRI) and will not 
be reviewed here. Non-propagation results easily follow by adapting to the present 
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general framework the approach in |AMP|, IMPR2| . Other general results for 
the essential spectrum of self-adjoint operators with or without magnetic fields are 
included in [HMl [LSI iLNl [RillRRS] . 

References 

[ABG] W.O. Amrein, A. Boutet de Monvel and V. Georgescu, Co-Groups, Commutator Methods 
and Spectral Theory of N-Body Hamiltonians, Birkhauser, Basel, 1996. 

[AMP] W.O. Amrein, M. Mantoiu and R. Purice, Propagation Properties for Schrddinger Oper- 
ators Affiliated with Certain C* -Algebras, Ann. Henri Poincare 3 no. 6 (2002), 1215-1232. 

[Bal] S. Baaj, Calcul pseudo-differentiel et produits croises de C* -algebres. I, C. R. Acad. Sci. 
Paris Ser. I Math. 307 no. 11 (1988), 581-586. 

[Ba2] S. Baaj, Calcul pseudo-differentiel et produits croises de C* -algebres. II, C. R. Acad. Sci. 
Paris Ser. I Math. 307 no. 12 (1988), 663-666. 

[Be] R. Beals: Characterization of Pseudodifferential Operators, Duke Math. J. 44,(1977), 45-57, 

[Bol] J. M. Bony: Caracterisation des operateurs pseudo-differentiels, Ecole Polytechnique, 

Seminaire E.D.P. (1996-1997), Expose no. XXIII. 
[Bo2] J. M. Bony: Weyl Quantization and Fourier Integral Operators, in Partial Differential 

Equations and Mathematical Physics (L. Hormander and A. Melin, eds), Birkhauser, 45-57, 

1995. 

[Bo3] J. M. Bony: Fourier Integral Operators and Weyl- Hormander Calculus, Journees Equations 
aux derivees partielles, exposee IX (1994), 1-14. 

[BC] J. M. Bony and Y. Chemin: Espaces functionelles associes au calcul de Weyl- Hormander, 
Bull Soc. Math. Prance, 122, (1994), 77-118. 

[CMS] L.A Coburn, R.D. Moyer and I.M. Singer, C* -Algebras of Almost Periodic Pseudodiffer- 
ential Operators, Acta Math. 139 (1973), 279-307. 

[Co] A. Connes, C* -algebres et geometric differentielle, C. R. Acad. Sci. Paris Seric A 290 (1980), 
599-604. 

[DR] M. Dimassi and G. Raikov, Spectral Asymptotics for Quantum Hamiltonians in Strong 
Magnetic Fields, Cubo Mat. Educ. 3 (2001), no2, 317-381. 

[Gil] V. Georgescu and A. Iftimovici, Crossed Products of C* -algebras and Spectral Analysis of 
Quantum Hamiltonians, Commun. Math. Phys. 228 (2002), 519—560. 

[GI2] V. Georgescu and A. Iftimovici, C* -Algebras of Quantum Hamiltonians, in Operator Alge- 
bras and Mathematical Physics (Constanta, 2001), pp. 123—167, Theta, Bucharest, 2003. 

[GI3] V. Georgescu and A. Iftimovici, Localization at Infinity and Essential Spectrum of Quantum 
Hamiltonians: I. General Theory, Rev. Math. Phys. 18 (2006), 417-483. 

[He] B. Helffer: Theorie spectrale pour des operateurs globalement eliptiques, Asterisque, Soc. 
Math. France, 112, (1984). 

[HM] B. Helffer and A. Mohamed, Caracterisation du spectre essential de I'operateur de 
Schrddinger avec un champ magnetique, Ann. Inst. Fourier 38 (1988), 95—112. 

[HS] B. Helffer and J. Sjostrand: Equation de Schrddinger avec champ magnetique et equation 
de Harper, in LNP 345, Springer- Verlag, Berlin, Heidelberg and New York, (1989), 118-197. 

[IMPl] V. Iftimie, M. Mantoiu and R. Purice: Magnetic Pseudodifferential Operators, Publ. 
RIMS. 43 no. 3 (2007), 585-623. 

[IMP2] V. Iftimie, M. Mantoiu and R. Purice, A Beals - Type Criterion for Magnetic Pseudodif- 
ferential Operators, Preprint and submitted. 

[KOI] M.V. Karasev and T.A. Osborn, Symplectic Areas, Quantization and Dynamics in Elec- 
tromagnetic Fields, J. Math. Phys. 43 (2002), 756-788. 

[K02] M.V. Karasev and T.A. Osborn, Quantum Magnetic Algebra and Magnetic Curvature, J. 
Phys. A 37 (2004), 2345-2363. 

[LS] Y. Last and B. Simon, The Essential Spectrum of Schrddinger, Jacobi and CMV Operators, 
J. d' Analyse Math. 98 (2006), 183-220. 

[La] R. Lauter, An Operator Theoretical Approach to Enveloping '9* and C* -Algebras of Melrose 
algebras of Totally Characteristic Pseudodifferential Operators, Math. Nach. 196 (1998), 
141-166. 

[LMN] R. Lauter, B. Monthubert and V. Nistor, Spectral Invariance for Certain Algebras of 
Pseudodifferential Operators, J. Inst. Math. Jussieu 4 no. 3 (2005), 405—442. 



THE MAGNETIC FORMALISM; NEW RESULTS 



15 



[LN] R. Lautcr and V. Nistor, Analysis of Geometric Operators on Open Manifolds: a Groupoid 
Approadi, in Quantization of singular Symplectic Quotients, pp. 181—229, Progr. Math. 198, 
Birkhauscr, Basel 2001. 

[Lc] M. Lein, Two-Parameter Asymptotics in Magnetic Weyl Calculus, Preprint and submitted. 

[LMR] M. Lein, M. Mantoiu and S. Richard, Magnetic Pseudodifferential Operators with Coeffi- 
cients in C* -Algebras, Preprint and submitted. 

[MR] Marsden and T. Ratiu, Introduction to Mechanics and Symmetry, Springer, New York, 
1999. 

[M] M. Mantoiu, C* -Algebras, Dynamical Systems at Infinity and tlie Essential Spectrum of 

Generalized Schrddinger Operators, J. reine angew. Math. 550 (2002), 211-229. 
[MPl] M. Mantoiu and R. Purice, The Magnetic Weyl Calculus, J. Math. Phys. 45 no. 4 (2004), 

1394-1417. 

[MP2] M. Mantoiu and R. Purice, Strict Deformation Quantization for a Particle in a Magnetic 
Field, J. Math. Phys. 46 no 5 (2005). 

[MPS] M. Mantoiu and R. Purice, The Mathematical Formalism of a Particle in a Magnetic 
Field, in Mathematical Physics of Quantum Mechanics, pp. 417-434, Lecture Notes in Phys. 
690, Springer, Berlin, 2006. 

[MPRl] M. Mantoiu, R. Purice and S. Richard, Twisted Crossed Products and Magnetic Pseudo- 
differential Operators, in Advances in operator algebras and mathematical physics, pp. 137— 
172, Theta Ser. Adv. Math. 5, Theta, Bucharest, 2005. 

[MPR2] M. Mantoiu, R. Purice and S. Richard, Spectral and Propagation Results for Magnetic 
Schrddinger Operators; a C* -Algebraic Framework, J. Punct. Anal. 250 (2007), 42-67. 

[Mu] M. Miiller, Product rule for gauge invariant Weyl symbols and its application to the semi- 
classical description of guiding center motion, J. Phys. A. 32 (1999), 1035—1052. 

[Pa] M. Pascu; On the essential spectrum of the relativistic magnetic Schrddinger operator, Osaka 
J. Math. 39 (4), 963-978, 2002. 

[PRl] J. Packer and 1. Raeburn, Twisted Crossed Products of C* -algebras. Math. Proc. Camb. 
Phyl. Soc. 106 (1989), 293-311. 

[PR2] J. Packer and I. Raeburn, Twisted Crossed Products of C* -algebras, II, Math. Ann. 287 
(1990), 595-612. 

[Ra] V.S. Rabiiiovich, Essential Spectrum of Perturbed Pseudodifferential Operators. Applications 
to the Schrddinger, Klein-Gordon and Dirac Operators, Russian J. Math. Phys. 12 (2005), 
62-80. 

[RRS] V.S. Rabinovich, S. Roch and B. Silbermann, Limit operators and their Applicatons in 
Operator Theory, Operator Theory: Advances and Applications 150, Birkhauser, Basel, 
2004. 

[Ri] S. Richard, Spectral and Scattering Theory for Schrddinger Operators with Cartesian 

Anisotropy, Publ. RIMS, Kyoto Univ. 41 (2005), 73-111. 
[Sh] M. A. Sliubin, Almost Periodic Functions and Partial Differential Operators, Russian Math. 

Surreys 33 no. 2 (1978), 3-47. 
[Um] T. Umeda; Absolutely continuous spectra of relativistic Schrddinger operators with magnetic 

vector potentials, Proc. Japan Acad. 70, Ser. A, (1994), 290-291. 

Institute of Mathematics Simion Stoilow of the Romanian Academy, P.O. Box 1-764, 
Bucharest, RO- 70700, Romania 

E-mail address: Viorel.Iftimie9imar.ro 

Departamento de Matematicas, Universidad de Chile, Las Palmeras 3425, Casilla 
653, Santiago, Chile 

E-mail address: Marius.Mantoiu9imar.ro 

Institute of Mathematics Simion Stoilow of the Romanian Academy, P.O. Box 1-764, 
Bucharest, RO-70700, Romania 

E-mail address: Radu.PuriceQimar.ro 



